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Hqwurs| Ghqvlwlhv
zlwk dq dssolfdwlrq wr dxwruhjuhvvlyh frqglwlrqdo

vnhzqhvv dqg nxuwrvlv

Plfkdho Urfnlqjhud>� dqg Hulf Mrqghdxe

Iheuxdu| 5333
Wklv yhuvlrq Qryhpehu 5333

Devwudfw

Wkh hqwurs| sulqflsoh |lhogv/ iru d jlyhq vhw ri prphqwv/ d ghqvlw| wkdw

lqyroyhv wkh vpdoohvw dprxqw ri sulru lqirupdwlrq1 Zh �uvw vkrz krz hqwurs|

ghqvlwlhv pd| eh frqvwuxfwhg lq d qxphulfdoo| h!flhqw zd| dv wkh plqlpl}dwlrq

ri d srwhqwldo1 Qh{w/ iru wkh fdvh zkhuh wkh �uvw irxu prphqwv duh jlyhq/ zh

fkdudfwhul}h wkh vnhzqhvv0nxuwrvlv grpdlq iru zklfk ghqvlwlhv duh gh�qhg1 Wklv

grpdlq lv irxqg wr eh pxfk odujhu wkdq iru Khuplwh ru Hgjhzruwk h{sdqvlrqv1

Odvw/ zh vkrz krz wklv whfkqltxh fdq eh xvhg wr hvwlpdwh d JDUFK prgho

zkhuh vnhzqhvv dqg nxuwrvlv duh wlph ydu|lqj1 Zh �qg wkdw wkhuh lv olwwoh

suhglfwdelolw| ri vnhzqhvv dqg nxuwrvlv iru zhhno| gdwd1

Nh|zrugv= Vhpl0qrqsdudphwulf hvwlpdwlrq> Wlph0ydu|lqj vnhzqhvv dqg nxu0

wrvlv> JDUFK1

MHO fodvvl�fdwlrq= F73/ F94/ J431

@ KHF 0 Vfkrro ri Pdqdjhphqw/ Ghsduwphqw ri Ilqdqfh/ 4/ uxh gh od Oleìudwlrq/
:;684 Mrx|0hq0Mrvdv/ Iudqfh1

K Edqtxh gh Iudqfh/ GHHU/ 74046<4 Fhqwuh gh Uhfkhufkh/ 64/ uxh Furl{ ghv Shwlwv
Fkdpsv/ :837< Sdulv/ Iudqfh1

�Fruuhvsrqglqj dxwkru1 Who= .662+3,4 6< 9: :5 8</ h0pdlo= urfnlqjhuCkhf1iu1 Plfkdho Urfnlqjhu
lv dovr FHSU/ dqg vflhqwl�f frqvxowdqw dw wkh Edqtxh gh Iudqfh1 Kh dfnqrzohgjhv khos iurp wkh KHF
Irxqgdwlrq/ wkh Irqgdwlrq Qdwlrqdoh srxu o*Hqvhljqhphqw gh od Jhvwlrq ghv Hqwuhsulvhv +IQHJH,/
dqg wkh Hxurshdq Frppxqlw| WPU Judqw= �Ilqdqfldo Pdunhw H!flhqf| dqg Hfrqrplf H!flhqf|1�
Wklv sdshu zdv �qlvkhg zkloh wkh �uvw dxwkru zdv ylvlwlqj XF Vdq Glhjr1 Zh wkdqn Qrdp Djprq
iru klv khos1 Zh duh judwhixo wr Urehuw Hqjoh/ Kdo Zklwh/ dqg Duqrog ]hooqhu +wkh hglwru, iru suhflrxv
frpphqwv1 Wkh xvxdo glvfodlphu dssolhv1 Wkh Edqtxh gh Iudqfh grhv qrw qhfhvvdulo| hqgruvh wkh
ylhzv h{suhvvhg lq wklv sdshu1
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4 Lqwurgxfwlrq

Phwkrgv edvhg rq wkh hqwurs| sulqflsoh ri Vkdqqrq +4<7;,/ dqg srsxodul}hg e| Md|qhv
+4<8:/ 4<;5,/ kdyh pdgh wkhlu zd| lqwr hfrqrphwulfv/ h1j1 Jrodq/ Mxgjh/ dqg Ploohu
+4<<9,1 Dw d sudfwlfdo ohyho/ hqwurs|0edvhg dssolfdwlrqv vwloo dsshdu wr eh vfdufh exw
iru d ihz h{fhswlrqv vxfk dv ]hooqhu dqg Kljk�hog +4<;;,/ Kdznlqv/ Uxelqvwhlq/ dqg
Gdqlhoo +4<<9,/ Vwxw}hu +4<<9,/ Exfkhq dqg Nhoo| +4<<9,/ ]hooqhu/ Wreldv/ dqg U|x
+4<<:,/ ru Ruprqhlw dqg Zklwh +4<<<,1 Rqh srvvleoh uhdvrq lv wkdw gl!fxowlhv zlwk
wkh qxphulfdo lpsohphqwdwlrq ri wklv whfkqltxh pd| kdyh klqghuhg lwv zlghvsuhdg xvh1
Wkh dlp ri wklv zrun lv wr ghyhors d yhu| idvw phwkrg wr rewdlq hqwurs| ghqvlwlhv
dqg wr vkrz wkdw hqwurs| ghqvlwlhv pd| dovr eh xvhg lq udwkhu frpsoh{ hpslulfdo
olnholkrrg hvwlpdwlrqv1

Lq d qxphulfdo dssolfdwlrq/ zh uhfrqvlghu Eroohuvohy*v +4<;9, JDUFKprgho zklfk
h{whqgv Hqjoh +4<;5,14 Lq w|slfdo dssolfdwlrqv ri wklv prgho/ wkh xqfrqglwlrqdo glv0
wulexwlrq lv dvvxphg wr doorz iru vrph irup ri idw0wdlohgqhvv/ prghohg iru lqvwdqfh dv
d vwxghqw0w +Eroohuvohy/ 4<;:,/ d jhqhudol}hg huuru glvwulexwlrq +Qhovrq/ 4<<4,/ ru dv d
ixoo| qrq0sdudphwulf ghqvlw| +h1j1 Hqjoh dqg Jrq}dohv0Ulyhud/ 4<<4,1 Uhfhqw dssol0
fdwlrqv wr �qdqfh/ ghdolqj zlwk wkh lvvxh ri frqglwlrqdo idw0wdlohgqhvv/ lqyroyh prghov
zlwk d qrq0fhqwudo jdppd glvwulexwlrq +Kduyh| dqg Vlggltxh/ 4<<<, ru d jhqhudol}hg
vwxghqw0w +Kdqvhq/ 4<<7,/ zkhuh wkh ghjuhh ri iuhhgrp dqg wkh dv|pphwu| sdudphwhu
duh wlph ydu|lqj1 Wkhuh/ wkh wlph yduldelolw| lv dfklhyhg e| h{suhvvlqj wkh ghjuhh ri
iuhhgrp ru dq dv|pphwu| sdudphwhu dv d ixqfwlrq ri dfwxdo gdwd1 Dv dq dowhuqdwlyh wr
wkhvh ghqvlwlhv zh sursrvh wkh xvh ri dq hqwurs| ghqvlw| +HG,1 Wkh dgydqwdjh ri wkh
HG lv wkdw vnhzqhvv dqg nxuwrvlv dsshdu gluhfwo| dv sdudphwhuv1 Dv d frqvhtxhqfh/
wr rewdlq wkh ydoxh ri vnhzqhvv dqg nxuwrvlv lw lv qrw qhfhvvdu| wr frpsxwh dgglwlrqdo
ixqfwlrqv ri pruh sulplwlyh sdudphwhuv1

HG fdq dovr eh frqyhqlhqwo| xvhg lq qrq0sdudphwulf hfrqrphwulfv ru lq �qdqfldo
dssolfdwlrqv vxfk dv lq prgholqj wkh sulflqj nhuqho dulvlqj lq Hxohu htxdwlrqv15

D ehwwhu ghvfulswlrq ri wkh frqglwlrqdo ehkdylru ri dvvhw uhwxuqv zlwk d sduwlfxodu
hpskdvlv rq wkh wlph0yduldelolw| ri vnhzqhvv dqg nxuwrvlv lv ri juhdw uhohydqfh iru ulvn
pdqdjhphqw dv zhoo dv iru dvvhw doorfdwlrq sureohpv1 Dq hfrqrphwulf ghvfulswlrq lq0
yroylqj kljkhu prphqwv pd| dovr kdyh lpsruwdqw lpsolfdwlrqv iru wkh whvwlqj ri dvvhw
sulflqj prghov +h1j1 Nudxv dqg Olw}hqehujhu/ 4<:9,1 Lpsuryhphqwv wr wkh h{lvwlqj
hfrqrphwulf olwhudwxuh rq wkh wlph0yduldelolw| ri kljkhu prphqwv duh/ wkhuhiruh/ uhoh0
ydqw1 D srvvleoh uhdvrq zk| olwwoh surjuhvv kdv ehhq pdgh lq �qdqfldo dssolfdwlrqv lv
wkdw wkhuh h{lvw rqo| yhu| ihz ghqvlwlhv zkhuh vnhzqhvv dqg nxuwrvlv dsshdu gluhfwo|
dv sdudphwhuv1 Dq h{fhswlrq duh wkh Judp0Fkduolhu dqg Hgjhzruwk h{sdqvlrqv1 Wkh
vnhzqhvv dqg nxuwrvlv grpdlq ri wkhvh ghqvlwlhv kdv ehhq lqyhvwljdwhg e| Mrqghdx dqg
Urfnlqjhu +5334, dqg kdv ehhq irxqg wr eh wrr vpdoo wr fruuhfwo| ghvfuleh �qdqfldo
uhwxuqv1 Lq wklv zrun zh ghprqvwudwh wkdw hqwurs|0edvhg phwkrgv doorz iru d yhu|
odujh udqjh ri srvvleoh ydoxhv iru wkh sdudphwhuv1 Wklv lpsolhv wkdw juhdwhu qxphulfdo

4Vhh dovr Ehud dqg Kljjlqv +4<<5, ru Eroohuvohy/ Hqjoh/ dqg Qhovrq +4<<7, iru vxuyh|v ri wkh odujh
olwhudwxuh ghdolqj zlwk wklv w|sh ri prgho1

5Vhh iru lqvwdqfh Jdoodqw dqg Wdxfkhq +4<;<, iru dq dssolfdwlrq lqyroylqj d qrq0sdudphwulf
hvwlpdwlrq ri d ghqvlw| zlwklq dq Hxohu htxdwlrq1

5



vwdelolw| zloo eh dfklhyhg gxulqj wkh hvwlpdwlrq/ vlqfh wkh odwwhu pd| eh shuiruphg
iru ohvv uhvwulfwhg sdudphwhuv1

Wklv phwkrg*v jdlq lq  h{lelolw| grhv qrw frph iru iuhh vlqfh wkh frqvwuxfwlrq ri
dq HG iurp lwv prphqwv lqyroyhv d qxphulfdo rswlpl}dwlrq1 Lq jhqhudo/ qxphulfdo
rswlpl}dwlrq lv d yhu| wlph frqvxplqj surfhvv1 Krzhyhu/ jlyhq wkh vshfldo qdwxuh
ri wkh hqwurs| sureohp/ lw lv srvvleoh wr frqvwuxfw HGv zlwk rqo| d ihz qxphulfdo
lwhudwlrqv +h1j1 Djprq/ Dokdvvlg/ dqg Ohylqh/ 4<:;/ 4<:<d/ 4<:<e dv zhoo dv Phdg
dqg Sdsdqlfrodrx/ 4<;7, e| pdsslqj wkh sureohp lqwr d plqlpl}dwlrq ri d yhu| zhoo
ehkdyhg srwhqwldo ixqfwlrq1

Wkh vwuxfwxuh ri wklv sdshu lv dv iroorzv1 Lq wkh qh{w vhfwlrq/ zh surylgh wkhruhwlfdo
frqvlghudwlrqv frqfhuqlqj HGv1 Lq vhfwlrq 6/ zh lqwurgxfh d prgho/ lq wkh vslulw ri
Kdqvhq +4<<7, zkhuh zh doorz iru wlph0ydu|lqj sdudphwhuv1 Lq vhfwlrq 7/ zh suhvhqw
wkh hpslulfdo uhvxowv1 Wkh odvw vhfwlrq frqwdlqv d frqfoxvlrq1

5 Wkhruhwlfdo edfnjurxqg

514 Wkh gh�qlwlrq ri hqwurs| ghqvlwlhv

Zh dvvxph wkdw wkh hfrqrphwulfldq lv vhhnlqj d suredelolw| RE%� gh�qhg ryhu vrph
uhdo frqyh{ grpdlq/ G/ zkloh glvsrvlqj rqo| ri lqirupdwlrq rq wkh 6 �uvw prphqwv
ri wkh suredelolw|/ zulwwhq dv K� zkhuh � ' �c � � � c61 Wkh frqvwuxfwlrq ri d suredelolw|
ghqvlw| gh�qhg rq lq�qlwho| pdq| srlqwv zlwk wkh nqrzohgjh ri rqo| d ihz prphqwv
lv krshohvv zlwkrxw dq dgglwlrqdo fulwhulrq1 D �uvw srvvlelolw| wr rewdlq d ghqvlw|/
pdwfklqj wkh jlyhq prphqwv/ lv wr xvh dg0krf vwhs ixqfwlrqv1 Vxfk dq dssurdfk
lv lpsohphqwhg e| Zkhhohu dqg Jrugrq +4<9<,1 Dqrwkhu fulwhulrq lv jlyhq e| wkh
pd{lpl}dwlrq ri dq hqwurs| xqghu wkh prphqw dqg ghqvlw| uhvwulfwlrqv1 Xqghu wklv
fulwhulrq rqh vroyhv=

R 5 dujpd{ �
]
%M&

RE%� *?ERE%��_%c +4,

v1w1
]
%M&

RE%�_% ' �c +5,]
%M&

%�RE%�_% ' K�c � ' �c � � � c6� +6,

Zh zloo uhihu wr d ghqvlw| vdwlvi|lqj wkhvh frqglwlrqv dv dq Hqwurs| Ghqvlw|16 Md|qhv
+4<8:, qrwlfhv wkdw wkh hqwurs| lv d fulwhulrq zkhuh wkh vwdwlvwlfldq lpsrvhv d plqlpxp
dprxqw ri lqirupdwlrq1 Wkh frqyhqwlrqdo zd| ri vroylqj wklv surjudp lv wr gh�qh wkh
Kdplowrqldq

M ' �
]
&

RE%� *?ERE%��_%� b��
f

]
&

RE%�_%�
6[
�'�

b�

�]
&

%�RE%�_%� K�

�
�

Wkh b��
f
lv d Odjudqjh sdudphwhu7 dv duh wkh b�/ � ' �c � � � c61

6Jlyhq wkdw d orj0ixqfwlrq lv lqyroyhg lq +4,/ s+{, � 3/ ;{ 5 G1
7Wkh grxeoh sulph kdv ehhq lqwurgxfhg iru qrwdwlrqdo frqyhqlhqfh rqo|1
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Wr rewdlq d vroxwlrq ri wklv sureohp rqh vhhnv d }hur iru wkh Iuìfkhw ghulydwlyh1
Gh�qlqj b�

f
' b

��

f
n � zh jhw

BM ' f , RE%� ' i T

#
�b�

f
�

6[
�'�

b�%
�

$
1 +7,

Ghulydwlrq zlwk uhvshfw wr wkh 6n� Odjudqjh pxowlsolhuv |lhogv wkh 6n� frqglwlrqv
+5, wr +6,1

Htxdwlrq +7, vkrzv wkdw wkh ghqvlw| zloo ehorqj wr wkh Shduvrqldq idplo|18 Iru
vpdoo ydoxhv ri 6/ lw lv srvvleoh wr rewdlq h{solflw vroxwlrqv1 Li 6 ' f/ phdqlqj wkdw
qr lqirupdwlrq lv jlyhq/ eh|rqg wkh idfw wkdw rqh vhhnv d ghqvlw|/ wkhq rqh rewdlqv
wkh xqlirup glvwulexwlrq ryhu G1 Dv rqh dggv wkh �uvw dqg vhfrqg prphqwv/ Jrodq/
Mxgjh/ dqg Ploohu +4<<9, uhfdoo wkdw rqh rewdlqv wkh h{srqhqwldo/ dqg wkh qrupdo
ghqvlw|1 Wkh nqrzohgjh ri wkh wklug ru kljkhu prphqw grhv qrw |lhog d ghqvlw| lq
forvhg irup1 Rqo| qxphulfdo vroxwlrqv pd| surylgh ghqvlwlhv1 Lq wklv zrun/ zh vkrz
krz ghqvlwlhv pd| eh rewdlqhg lq d qxphulfdoo| h!flhqw pdqqhu li wklug dqg kljkhu
prphqwv duh jlyhq1 Wklv zrun h{whqgv/ wkhuhiruh/ ]hooqhu dqg Kljk�hog +4<;;, dv zhoo
dv Ruprqhlw dqg Zklwh +4<<<, e| surylglqj d pruh h!flhqw hvwlpdwlrq whfkqltxh1

Vxevwlwxwlrq ri +7, lqwr +5, gh�qhv d ixqfwlrq wkdw wxuqv rxw wr eh d srwhqwldo
ixqfwlrq/ dv vkrzq odwhu1 Wkh h{suhvvlrq ri wklv ixqfwlrq lv

� Eb�c � � � c b6� � i T E�b�
f
� '

]
&

i T

#
6[
�'�

b�%
�

$
_% +8,

vr wkdw

RE%� ' i T

#
6[
�'�

b�%
�

$
*� Eb�c � � � c b6�� +9,

Iru d jlyhq vhw ri b ' Eb�c � � � c b6��/ rqh frxog hydoxdwh +9, dqg/ wkxv/ wkh pr0
phqw uhvwulfwlrqv +6,1 Wklv vxjjhvwv dv d �uvw hvwlpdwlrq whfkqltxh qrq0olqhdu ohdvw
vtxduhv +QOOV, dssolhg wr +6,1 Dv zh uhglvfryhuhg sdlqixoo|/ vxfk dq hvwlpdwlrq
|lhogv pxowlsoh vroxwlrqv dqg lv udwkhu vorz19 Dv glvfryhuhg e| Djprq/ Dokdvvlg/ dqg
Ohylqh +4<:<d/ 4<:<e,/ d idvwhu dqg qxphulfdoo| vwdeoh surfhgxuh lv dydlodeoh1 Wklv
surfhgxuh xvhv wkh sk|vlfdo surshuwlhv ri wkh hqwurs| gh�qlwlrq1 Lq rughu wr xvh wklv
surfhgxuh/ lw lv frqyhqlhqw wr lqwurgxfh ixuwkhu uhvxowv1

Vlqfh
U
&
RE%�_% ' �/ pxowlsolfdwlrq ri wkh uljkw kdqg vlgh ri +6, e| wklv lqwhjudo

dqg wkh jurxslqj xqghu rqh vlqjoh lqwhjudo |lhogv

]
&

E%� � K��RE%�_% ' fc � ' �c � � � c6�

Ixuwkhupruh/ zulwlqj RE%� ' i T Ebf n
S

6

�'�
b�E%

� � K���/ zkhuh bf ' b�
f
n
S

6

�'�
b�K�

lqglfdwhv wkdw wkh qxpehu ri frpsxwdwlrqv uhtxluhg wr hydoxdwh +9, vxemhfw wr +6,

8Vhh/ iru lqvwdqfh/ Mrkqvrq/ Nrw}/ dqg Edodnulvkqdq +4<<7,1
9Wkh whfkqltxh ghyhorshg e| Ruprqhlw dqg Zklwh +4<<<, iroorzv/ krzhyhu/ wklv dssurdfk1 Wkh|

vkrz krz vxfk d QOOV dojrulwkp pd| eh lpsohphqwhg pruh h!flhqwo| dv lq ]hooqhu dqg Kljk�hog
+4<;;,/ |hw/ wkh| uhsruw hvwlpdwlrqv odvwlqj vhyhudo vhfrqgv zkhuhdv rxuv wdnhv d iudfwlrq ri d vhfrqg1
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pd| eh uhgxfhg1 Dovr/ wkh sdvvdjh iurp b�
f
wr bf lv d wulyldo olqhdu wudqvirupdwlrq1

Djdlq/ RE%� pxvw vdwlvi| +6, dqg wklv |lhogv d gh�qlwlrq iru bf=

'Eb�c � � � c b6� � i TE�bf� '
]
&

i T

#
6[
�'�

b�E%
� � K��

$
_%1 +:,

Vr wkdw wkh suredelolw| fdq eh uhzulwwhq dv

RE%� ' i T

#
6[
�'�

b�E%
� � K��

$
*'Eb�c � � � c b6�� +;,

Dw wklv srlqw zh kdyh rewdlqhg wzr htxlydohqw gh�qlwlrqv iru wkh ghqvlw|/ qdpho|
htxdwlrqv +9, dqg +;,1 Ghshqglqj rq wkh vlwxdwlrq/ rqh gh�qlwlrq ru wkh rwkhu lv
xvhixo1

Zlwk wkh gh�qlwlrq ri +:,/ zh rewdlq wkdw

}� � Y'

Yb�
' f ,

]
&

E%� � K��RE%�_% ' f

dqg/ wkhuhiruh/ wkh }hurv ri wkh judglhqw ri ' |lhog wkh �uvw0rughu frqglwlrqv1 Wklv
frpsxwdwlrq ydolgdwhv wkh fodlp wkdw ' gh�qhv d srwhqwldo1: Qh{w/ zh rewdlq wkdw

C�� � Y2'

Yb�Yb�
'
]
&

E%� � K��E%
� � K��RE%�_%c

vkrzlqj wkdw wkh Khvvldq pdwul{ lv d yduldqfh0fryduldqfh pdwul{1; Dv d frqvhtxhqfh
wkh Khvvldq pdwul{ lv v|pphwulf dqg srvlwlyh gh�qlwh1 Dq lqyhuvh ri wkh Khvvldq zloo
h{lvw li wkh pdwul{ lv ri ixoo udqn1 Wklv odvw frqglwlrq lpsolhv wkdw/ dv orqj dv RE%� lv
d ghqvlw|/ wkh plqlpl}dwlrq ri ' kdv d xqltxh vroxwlrq1 Zh zulwh wkh judglhqw ri '
dv } dqg klv Khvvldq pdwul{ dv C1

Dw wklv vwdjh/ zh kdyh rewdlqhg wkh �uvw nh| uhvxow/ qdpho| wkdw wkh plqlpl}dwlrq
ri wkh srwhqwldo ixqfwlrq ' zloo |lhog d ghqvlw| vdwlvi|lqj prphqw wkh frqglwlrqv1 Zh
lqvlvw rq wkh idfw wkdw wkh nh| vwhs wr rewdlq d vroxwlrq uhvlghv lq d plqlpl}dwlrq udwkhu
wkdq lq d vhdufk iru d }hur ri d pds1 Lw wxuqv rxw/ wkdw/ qxphulfdoo|/ wkh plqlpl}dwlrq
lv zhoo gh�qhg/ zkhuhdv wkh vhdufk iru d }hur pd| hyhq |lhog pxowlsoh vroxwlrqv1 Wkh
sureohp zloo eh qxphulfdoo| vwdeoh li ' lv ri ixoo udqn dqg li wkh vroxwlrq lv �qlwh1

Dv Djprq/ Dokdvvlg/ dqg Ohylqh +4<:<d, srlqw rxw/ lw lv qrw jxdudqwhhg wkdw wkh
plqlpl}dwlrq ri wkh srwhqwldo ixqfwlrq zloo rffxu dw �qlwh glvwdqfh1 Lw lv srvvleoh wr
jxdudqwhh �qlwhqhvv ri wkh vroxwlrq/ exw wr gr vr lw lv �uvw qhfhvvdu| wr gh�qh krz wr
frpsxwh wkh lqwhjudov lqyroyhg1 Zh wxuq wr wklv lvvxh qrz1

:Li X lv dq rshq vxevhw ri Uq d pds i iurp X lqwr Uq lv fdoohg d yhfwru �hog1 Iru lqvwdqfh/ li
I lv d vfdodu ixqfwlrq iurp X lqwr U/ wkhq i @judg I gh�qhv d yhfwru �hog1 Li iru d jlyhq yhfwru
�hog i wkhuh h{lvwv d vfdodu ixqfwlrq I vxfk wkdw i @judg I wkhq I lv d srwhqwldo ixqfwlrq dqg wkh
yhfwru �hog i lv vdlg wr ghulyh iurp d srwhqwldo1

;Vhh dovr Dokdvvlg/ Djprq/ dqg Ohylqh +4<:;,1
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515 Jdxvv0Ohjhqguh dssur{lpdwlrq ri wkh lqwhjudov

Wkh frqvwuxfwlrq ri ' dozd|v lqyroyhv wkh frpsxwdwlrq ri dq lqwhjudo1 Iru qxphulfdo
sxusrvhv/ lw lv frqyhqlhqw wr dvvxph �qlwhqhvv ri G1 Xqghu wkh dvvxpswlrq wkdw G lv
d �qlwh lqwhuydo d,c �o/ wkh d!qh ixqfwlrq

5 ' d2%� E�n ,�o*E�� ,�

zloo pds % 5 d,c �o lqwr 5 5 d��c �o1 Wkh Mdfreldq lv E� � ,�*2� Lq wklv fdvh/ xvlqj d
jhqhulf qrwdwlrq/ doo rxu lqwhjudov fkdqjh iurp

] �

,
�E%�_% wr

] �

3�

�� ,

2
�
�
�

2
d5E�� ,� n E�n ,�o

�
_5 '

] �

3�

��E5�_5�

Wklv odvw lqwhjudo pd| qrz eh dssur{lpdwhg xvlqj d Jdxvv0Ohjhqguh txdgudwxuh +h1j1
Gdylv dqg Srorqvn|/ 4<:3,/ wkdw lv

] �

3�

��E5�_5 �
?[

�'�

��E5����

�� duh wkh Jdxvv0Ohjhqguh zhljkwv dqg 5� duh wkh devflvvd/ lq ^04/4`/ zkhuh wkh lqwh0
judqg vkrxog eh hydoxdwhg1 Wkrvh ydoxhv duh wdexodwhg/ iru lqvwdqfh/ lq Deudprzlw}
dqg Vwhjxq +4<:3,1

Zh pd| qrz uhwxuq wr wkh frpsxwdwlrq ri wkh hqwurs| ghqvlw|1 Iru jlyhq 5� 5
d��c �o/ � ' �c � � � c ? dqg erxqgdulhv ,c � ri wkh grpdlq G/ zh pd| xvh

%� ' dE�� ,�5� n E�n ,�o*2 +<,

wr rewdlq wkh htxlydohqw ri 5� lq wkh grpdlq G1
Zlwk wklv dssur{lpdwlrq/ zh idfh wkh sureohp ri plqlpl}lqj wkh srwhqwldo

'Eb� '
?[

�'�

i T

#
6[
�'�

b�E%
�
� � K��

$
���

Wr jxdudqwhh wkdw wkh Khvvldq lv ri ixoo udqn/ jlyhq wkh zd| wkh E%�c ��� duh rewdlqhg/ lw
lv qhfhvvdu| wr kdyh 2? : 61 Xqghu wklv frqglwlrq/ hyhq li wkh sureohp lv v|pphwulfdo
+iru lqvwdqfh ehfdxvh wkh phdq dqg vnhzqhvv lv 3,/ wkh Khvvldq zloo eh zhoo gh�qhg1

Lqwurgxflqj d pdwul{ � zlwk hohphqwv @�� � %�� � K�/ � ' �c � � � c6> � ' �c � � � c ?/
? : 6/ zh rewdlq 'Eb� ' �� i TE�b� zkhuh �� ' E��c � � � c �?� lv d urz yhfwru zlwk
wkh ? zhljkwv1< Wklv h{suhvvlrq vkrzv wkdw/ lq qxphulfdo dssolfdwlrqv/ wkh hydoxdwlrq
ri ' fdq eh yhfwrul}hg dqg uhqghuhg yhu| idvw1

Wkh plqlpl}dwlrq zloo |lhog d vroxwlrq/ vlqfh/ xqghu wkh vwdwhg dvvxpswlrqv/ wkh
pdwul{ ��� lv ri ixoo udqn1 Wklv iroorzv iurp wkh idfw wkdw wkh wudqvirupdwlrq iurp
5� lqwr %� lv qrw ghjhqhudwh1

Wr rewdlq �qlwhqhvv ri wkh vroxwlrq/ Djprq/ Dokdvvlg/ dqg Ohylqh +4<:<, srlqw rxw
wkdw/ iru dq| gluhfwlrq wdnhq/ 'Eb� vkrxog lqfuhdvh wr lq�qlw| dv b jhwv odujh1 Krzhyhu/
wklv frqglwlrq lv gl!fxow wr lpsohphqw dqg dq dowhuqdwlyh frqvlvwv lq yhuli|lqj wkh
h{lvwhqfh ri d vroxwlrq wr wkh frqglwlrqv +5, wr +6,/ l1h1 rewdlqlqj R� � f/ � ' �c � � � c ?1

<Zh lqwhusuhw wkh yhfwru � dv d froxpq yhfwru1

9



516 Qxphulfdo lpsohphqwdwlrq

Dw wklv vwdjh/ zh zlvk wr vkrz krz wkh h{lvwhqfh ri d �qlwh vroxwlrq fdq eh jxdudqwhhg1
Wkh glvfuhwl}dwlrq ri +5, dqg +6, |lhogv

?[
�'�

��R� ' �c +43,

?[
�'�

��%
�
�R� ' K�c � ' �c � � � c6c +44,

R� � fc � ' �c � � � c ?� +45,

Wklv vhw ri htxdwlrqv fdq eh ylhzhg dv d olqhdu surjudpplqj sureohp zkhuh rqh vhhnv
d vroxwlrq wr 6 n � htxdwlrqv xqghu srvlwlylw| frqvwudlqwv1 Zh vroyh wklv sureohp
zlwk wkh skdvh L vwhs ri wkh vlpsoh{ dojrulwkp +vhh iru lqvwdqfh Suhvv/ Whxnrovn|/
Yhwwhuolqj/ dqg Iodqqhu|/ 4<<<,1 Li d vroxwlrq h{lvwv/ wkh dojrulwkp zloo �qg lw zlwklq
6n � dqg 2E6n �� vwhsv1

Li d vroxwlrq h{lvwv/ wkhq lw lv nqrzq wkdw ' zloo eh plqlpl}hg iru vrph �qlwh
vroxwlrq1 Wkh sureohp/ wkhq/ lv rqh ri qxphulfdoo| plqlpl}lqj 'Eb�1 Dv srlqwhg rxw
e| Iohwfkhu +4<<7,/ pdq| dojrulwkpv duh dydlodeoh1 Krzhyhu/ li wkh sureohp lv nqrzq
wr kdyh d vlqjoh plqlpxp/ dv lw zloo eh wkh fdvh lq wklv iudphzrun/ Qhzwrq*v phwkrg
zrunv zhoo1 Lw lv wklv phwkrg wkdw zh lpsohphqw wr plqlpl}h wkh srwhqwldo1

Dojrulwkp 4=

41 Zh �uvw qhhg wr gh�qh wkh grpdlq G ryhu zklfk wkh ghqvlw| zloo eh gh�qhg1 Zh
uhvwulfw rxuvhoyhv wr wkh udqjh ^,c �o1 Ehorz zh glvfxvv krz , dqg � pd| eh rewdlqhg1
Zh xvh d ? '73 srlqw jdxvvldq txdgudwxuh1 Wklv txdgudwxuh dvvrfldwhv wr wkh srlqwv
5� 5 d��c �o wkh zhljkwv ��c � ' �c � � � c ?c zkhuh ? ' ef�43

51 Xvlqj +<, zh pds wkh 5� lqwr %�1 Zh dovr gh�qh wkh pdwul{ � zkrvh �wk
olqh frqwdlqv ++�c +

2
� � K�c � � � c +6� � K6,1 Zh uhfdoo wkdw 'Eb� ' �� i TE�b� zkhuh

�� ' E��c � � � c �?��
61 Vhw & ' f1 Xvh dv d vwduwlqj ydoxh bEf� ' Efc � � � c f� wkh yhfwru zlwk 6 }hurv1

71 Dw vwhs &/ vhw }
E&�
� ' Y'EbE&3���*Yb� dqg C

E&�
�� ' Y2'EbE&3���*Yb�Yb�� Wkh

hohphqw }
E&�
� zloo eh wkh �wk hohphqw ri d froxpq yhfwru }E&� zlwk 6 frpsrqhqwv1

Vlploduo|/ C
E&�
�� lv wkh �wk hohphqw ri wkh �wk olqh ri wkh pdwul{ CE&�1

81 Ohw BE&� eh wkh vroxwlrq wr CE&�BE&� ' �}E&�1
71 Xsgdwh wkh yhfwru ri Odjudqjh pxowlsolhuv bE&� ' bE&3�� n BE&��
91 Vhw & ' & n � dqg uhwxuq wr 7 xqohvv d uhtxluhg dffxudf| kdv ehhq rewdlqhg1

Lq vwhs 4 ri wkh dojrulwkp lw lv qhfhvvdu| wr fkrvh wkh erxqgv , dqg �1 Wklv fkrlfh
lv uhodwlyho| hdv| li wkh hqwurs| ghqvlw| lv xvhg lq dq hpslulfdo olnholkrrg frqwh{w1 Lw
vx!fhv wr fkrrvh erxqgdulhv vrphzkdw odujhu wkdq wkh udqjh ri vwxghqwl}hg gdwd1 Li
rqh lv lqwhuhvwhg lq wkh jhqhudo frqvwuxfwlrq ri dq HG/ d srvvleoh fulwhulrq lv edvhg rq
wkh dffxudf| ri wkh dssur{lpdwlrq1 Wklv dffxudf| pd| eh frpsxwhg zlwk d qxphulfdo

43Wkh +}m > {m, iru m @ 4> � � � > q duh wdexodwhg iru ydoxhv ri q xs wr <9 lq Deudprzlw} dqg Vwhjxq
+4<:3,1 Zh irxqg wkdw iru rxu sureohpv q@73 lv vx!flhqw1

:



lqwhjudwlrq ri wkh ydulrxv prphqwv xvlqj wkh hvwlpdwhg HG1 Wklv frpsxwdwlrq lv
dovr d yhul�fdwlrq wkdw wkh qxpehu ri devflvvd 5� xvhg lq wkh jdxvvldq txdgudwxuh lv
vx!flhqw1

Wkh Qhzwrq dojrulwkp lv edvhg rq wkh revhuydwlrq wkdw li CE&�BE&� ' �}E&� wkhq
wkh dssur{lpdwlrq lq d vhfrqg0rughu Wd|oru h{sdqvlrq ri '/ wkdw lv 'EbE&3��nBE&�� '
'Eb&3��nBE&�}E&�n�

2
BE&�

�

CE&�BE&�/ ohdgv wr d  dw vsrw ri'/ wkdw lv dq h{wuhpxp1 Lq vwhs
9 ri wkh dojrulwkp/ d w|slfdo fulwhulrq wr vwrs lwhudwlqj lv jlyhq e| wkh hxfolghdq qrup
ri wkh yhfwru }E&�� Iru prvw fdvhv frqvlghuhg lq wklv zrun wkh dojrulwkp frqyhujhg
zlwklq 43 lwhudwlrqv zlwk d suhflvlrq ri wkh judglhqw }E&� vpdoohu wkdq �f3S1 Wklv
vshhg lv uhpdundeoh dqg pdnhv lw srvvleoh wr xvh wkh hqwurs| ghqvlwlhv lq vlwxdwlrqv
wkdw zhuh qrw srvvleoh ehiruh1 Rqfh wkh sdudphwhuv b kdyh ehhq rewdlqhg wkh ydoxh
ri wkh HG dw vrph srlqw % pd| eh rewdlqhg xvlqj htxdwlrq +;,1

Djprq/ Dokdvvlg/ dqg Ohylqh +4<:<e, dovr vxjjhvw wkh xvh ri dq ruwkrjrqdol}hg �
pdwul{1 Zh iroorzhg wkhlu vxjjhvwlrq dqg lqfoxghg lq rxu dojrulwkp d Judp0Vfkplgw
ruwkrjrqdol}dwlrq1 Iru wkh sureohp dw kdqg/ vxfk dq ruwkrjrqdol}dwlrq glg qrw ohdg
wr dq lpsuryhphqw ri wkh vshhg ri frqyhujhqfh wrzdugv dq rswlpxp1

517 Hqwurs| ghqvlwlhv iru d jlyhq vnhzqhvv dqg nxuwrvlv

Lq vwdwlvwlfdo dssolfdwlrqv/ lw lv hdv| wr vwdqgdugl}h d jlyhq vdpsoh o|c | ' �c � � � c A /
e| vxewudfwlqj lwv phdq dqg glylglqj e| lwv vwdqgdug ghyldwlrq1 Iru wklv uhdvrq/ zh
irfxv qrz/ zlwkrxw orvv ri jhqhudolw|/ rq wkh vwxg| ri wkrvh ghqvlwlhv wkdw vdwlvi|
K� ' fc K2 ' �c K� ' rc dqg Ke ' &1 Lq wklv fdvh/ wkh sdudphwhuv r dqg & uhsuhvhqw
vnhzqhvv dqg nxuwrvlv/ uhvshfwlyho|1 Vlqfh d vroxwlrq wr rxu sureohp/ gh�qhg e|
htxdwlrqv +43, wr +45,/ h{lvwv rqo| li wkh vlpsoh{ skdvh L sureohp lv zhoo ehkdyhg/ zh
vwduw zlwk d urxjk julg0vhdufk ryhu d odujh vnhzqhvv0nxuwrvlv grpdlq zkhuh d vroxwlrq
wr wkh vlpsoh{ dojrulwkppljkw h{lvw1 Jlyhq wkh reylrxv v|pphwu| ri wkh sureohp/ zh
rqo| frqvlghu wkh fdvh ri srvlwlyh vnhzqhvv1 Zh shuiruphg wklv julg0vhdufk e| xvlqj
ydoxhv ri nxuwrvlv udqjlqj iurp 3 wr 48 dqg zlwk vwhs0ohqjwk ri 3181 Iru vnhzqhvv
zh wrrn d julg udqjlqj iurp 3 wr 9 zlwk d vwhs0ohqjwk ri 31581 Iru hdfk vnhzqhvv
dqg nxuwrvlv sdlu rq wkh el0glphqvlrqdo julg/ zh udq wkh skdvh L sduw ri wkh vlpsoh{
dojrulwkp144 Zh irxqg wkdw wkh dxwkrul}hg grpdlq zloo eh frqyh{> l1h1 wkhuh duh qr
glvfrqqhfwhg uhjlrqv iurp wkh rqh ghwhuplqhg zlwk kljk dffxudf| ehorz1

Rqfh zh jrw dq lghd ri wkh jhqhudo vkdsh ri wkh dxwkrul}hg grpdlq/ zh shuiruphg
d vhdufk ri wkh h{dfw erxqgdu| iru d jlyhq nxuwrvlv xvlqj d elvhfwlrq dojrulwkp gh0
whuplqlqj wkh erxqgdu| xs wr d suhflvlrq ri 433S1 Iljxuh 4 glvsod|v wkh judsk ri wkh
erxqgdu| lq wkh nxuwrvlv0vnhzqhvv vsdfh1 Wkh dfwxdo grpdlq ryhu zklfk HGv h{lvw lv
v|pphwulf zlwk uhvshfw wr wkh krul}rqwdo d{lv1 Iru frqyhqlhqfh zh rqo| suhvhqw wkh
xsshu kdoi ri wkh h{lvwhqfh grpdlq1 Srlqwv orfdwhg xqghu wkh fxuyh duh frpsdwleoh
zlwk vrph HG1 Zh fdoo wklv grpdlq H 1 Frpsdulvrq ri wkh srvvleoh grpdlq zlwk wkh
rqh rewdlqhg iru lqvwdqfh lq sro|qrpldo dssur{lpdwlrqv lqyroylqj Khuplwh h{sdqvlrqv
+h1j1 Eduwrq dqg Ghqqlv/ 4<85/ ru Mrqghdx dqg Urfnlqjhu/ 5334, lqglfdwhv wkdw HGv
duh gh�qhg ryhu d pxfk odujhu vhw ri srvvleoh ydoxhv ri vnhzqhvv dqg nxuwrvlv145

44Doo frpsxwdwlrqv lq wklv uhvhdufk zhuh grqh xqghu JDXVV rq d ZLQGRZV <; sodwirup1
45Lq wkrvh frqwulexwlrqv lw lv vkrzq wkdw vnhzqhvv dqg nxuwrvlv pxvw eh lq wkh lqwhulru ri d

;



Lq odwhu qxphulfdo frpsxwdwlrqv/ lw zloo eh qhfhvvdu| wr uhvwulfw vnhzqhvv dqg
nxuwrvlv wr wkh grpdlq H wr jxdudqwhh wkh h{lvwhqfh ri d ghqvlw|1 Iru wklv uhdvrq
zh frqvlghu d ixqfwlrqdo ghvfulswlrq ri wkh dxwkrul}hg grpdlq146 Dq ROV �w ri
& ' @ r2nK rnS lqglfdwhv wkdw iru & : � wkh vnhzqhvv udqjh lv d�rWE&�c rWE&�o zkhuh47

rWE&� '
�
�Kn

t
K2 � e @ ES� &�

�
*E2@�c & : �� +46,

Qh{w/ zh frqvlghu krz wkh HG ehkdyhv dv vnhzqhvv/ rc dqg nxuwrvlv/ &c ydu|1
Lq Iljxuh 4/ zh wudfh ydulrxv sdluv ri vnhzqhvv dqg nxuwrvlv/ uhsuhvhqwhg e| vwduv/
wkh ghqvlw| ri zklfk lv uhsuhvhqwhg lq Iljxuhv 5 dqg 61 Lqvshfwlrq ri wkhvh �jxuhv
uhyhdov d ulfk sdwwhuq ri srvvleoh ghqvlwlhv1 Iru ghqvlwlhv zlwk vpdoo nxuwrvlv/ wkh
suredelolw| pdvv lv vtxhh}hg wrzdugv wkh fhqwhu1 Lqwurgxfwlrq ri vnhzqhvv wkhq ohdgv
wr pxowl0prgdo ghqvlwlhv1 Iru ghqvlwlhv zlwk odujh nxuwrvlv dqg vnhzqhvv/ jlyhq wkh
dvvxphg �qlwhqhvv ri wkh erxqgdu|/ d vpdoo kxps lq wkh wdlo ri wkh glvwulexwlrq zloo
dffrpprgdwh wkh vnhzqhvv148 Zh rewdlq wkdw HGv pd| eh ri xvh lq vlwxdwlrqv zkhuh
wkh wdlov ri wkh glvwulexwlrqv duh pxfk wklqqhu wkdq wkh wdlov ri wkh qrupdo ghqvlw|1
Lqyhuvho|/ & pd| ehfrph yhu| odujh doorzlqj iru udwkhu wklfn wdlov1

6 D prgho zlwk dxwruhjuhvvlyh khwhurvnhgdvwlflw|/

vnhzqhvv/ dqg nxuwrvlv

614 Wkh prgho

Lq wklv sduw ri wkh sdshu/ zh zlvk wr looxvwudwh wkh xvhixoqhvv ri HGv e| vkrzlqj
krz Eroohuvohy*v +4<;9, JDUFK prgho fdq eh h{whqghg wr doorz iru wlph yduldwlrq lq
vnhzqhvv dqg nxuwrvlv1 Kdqvhq +4<<7, frqvlghuv d vlplodu prgho zkhuh lqqrydwlrqv duh
prghohg dv jhqhudol}hg vwxghqw0w1 Wkh jhqhudol}hg vwxghqw0w grhv qrw doorz iru kxpsv/
khqfh/ lqwxlwlyho|/ wkh vnhzqhvv0nxuwrvlv udqjh lv vpdoohu wkdq iru HGv1 Pruhryhu/ d
gluhfw ghvfulswlrq ri wkh sdudphwhuv dv vnhzqhvv dqg nxuwrvlv lv qrw srvvleoh1 Kdqvhq*v
frqwulexwlrq dovr doorzv iru dq dv|pphwu| ri wkh ghqvlw|1

Wkh jhqhudo prgho zh frqvlghu lv jlyhq e|

o| ' >n +|c +47,

+| ' j|"|c +48,

"| � .(Efc �c r|c &|�c +49,

grpdlq vlplodu wr dq holsvh1 Nxuwrvlv pd| ydu| iurp 3 wr 7 dqg wkh pd{lpdo doorzhg vnhzqhvv lvs
9@
s
6 .

s
9 �@ 4=37 iru d nxuwrvlv ri

s
9 �@ 5=78=

46Lq Mrqghdx dqg Urfnlqjhu +5334,/ wkh erxqgdu| frqvwudlqw zdv lpsrvhg xvlqj d olqhdu lqwhusr0
odwlrq1 Wklv zd| ri lpsrvlqj wkh erxqgdu| frqglwlrqv pd| eh wkh rqo| rqh dydlodeoh iru grpdlqv
wkdw duh gl!fxow wr fkdudfwhul}h1 Iru wkh sureohp dw kdqg d vlpsohu fkdudfwhul}dwlrq lv srvvleoh1

47Wkh �w ehwzhhq v dqg n wxuqhg rxw wr eh udwkhu jrrg1 Zh irxqg wkh ydoxhv d @ 3=<658/
e @ 3=3;35/ f @ 3=<<791

48Iru doo srvvleoh vnhzqhvv dqg nxuwrvlv sdluv fkrvhq/ rxu dojrulwkp �qgv d ghqvlw| w|slfdoo| lq d
vpdoo iudfwlrq ri d vhfrqg1 Wklv frqwudvwv zlwk rwkhu phwkrgv wkdw lqyroyh dw ohdvw d ihz vhfrqgv
iru hdfk HG hydoxdwlrq1 Zh yhul�hg wkdw rqh rewdlqv wkh qrupdo ghqvlw| iru v @ 3 dqg n @ 61

<
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' @f n Kf+
2

|3�
n Sfj

2

|3�
c +4:,

r| ' @� n K�+|3�c +4;,

&| ' @2 n K2m+|3�mc +4<,

Er|c &|� 5 H � +53,

Lq htxdwlrq +47,/ o| uhsuhvhqw �ff *?E7|*7|3��/ zkhuh 7| lv wkh forvlqj sulfh ri vrph
dvvhw dw wlph |1 Khuh/ zh dvvxph d frqvwdqw phdq uhwxuq/ >1 Wkh lqqrydwlrqv/ +|/ duh
zulwwhq dv d surgxfw ehwzhhq wkh frqglwlrqdo yrodwlolw| j| dqg dq lqqrydwlrq "|1 Lq
htxdwlrq +49,/ zh dvvxph wkdw "| iroorzv dq HG zlwk }hur phdq/ xqlw yduldqfh/ vnhz0
qhvv r| dqg nxuwrvlv &|1 Htxdwlrq +4:, vshfl�hv yrodwlolw| dv d vlpsoh JDUFK+4/4,1
Htxdwlrqv +4;, dqg +4<, dvvxph wkdw vnhzqhvv dqg nxuwrvlv ghshqg frqglwlrqdoo| rq
sdvw uhdol}dwlrqv ri wkh uhvlgxdo +|1

Dv xvxdo zh lpsrvh wkdw @f/ Kf/ dqg Sf eh srvlwlyh dv zhoo dv wkdw Kf n Sf 	 �149

Lq htxdwlrq +4;,/ @� dqg K� duh hvwlpdwhg iuhho|1 Wr jxdudqwhh srvlwlylw| ri nxuwrvlv
rqh pd| dvvxph @2 dqg K2 : f1 Wklv frqvwudlqw pd|/ krzhyhu/ eh ryhuo| uhvwulfwlyh1
Li wkh sdudphwhu @2 lv irxqg wr eh odujh/ wkhq K2 frxog eh qhjdwlyh dv orqj dv +|3�
uhpdlqv vpdoo1 Iru d jlyhq vdpsoh/ wklv pd| eh wkh fdvh1 Lqwxlwlyho|/ d qhjdwlyh K2
fruuhvsrqgv wr d vlwxdwlrq zkhuh/ diwhu d uhdol}dwlrq ri d uhodwlyho| odujh uhwxuq lq
devroxwh ydoxh/ nxuwrvlv ehfrphv vpdoohu wkdq dyhudjh1

Lq wklv sdshu/ zh dovr hvwlpdwh vshfl�fdwlrqv ri vnhzqhvv dqg nxuwrvlv zkhuh

r| ' @� n K�
+|3�
j|3�

c +54,

&| ' @2 n K2

�����
+|3�
j|3�

����� / +55,

wkxv/ lqyroylqj vwdqgdugl}hg uhvlgxdov1
Rxu vshfl�fdwlrq hqfrpsdvvhv Eroohuvohy*v JDUFK+4/4, prgho zlwk jdxvvldq hu0

uruv1 Wklv lv rewdlqhg e| vhwwlqj K� ' K2 ' fc @� ' fc dqg @2 ' � iru doo |1 Zh
gr qrw hqfrpsdvv wkh fdvh ri huuruv iroorzlqj wkh vwxghqw0w ru wkh jhqhudol}hg huuru
glvwulexwlrq +JHG,1

Zh dovr lpsrvh wkdw Er|c &|� 5 H lq wkh iroorzlqj zd|= Li &| lv rxw ri wkh dxwkrul}hg
grpdlq/ zh lpsrvh d odujh shqdow| iru wkh orj0olnholkrrg dw wlph |1 Li &| lv lq H / wkhq/
zh frpsxwh xvlqj +46, wkh xsshu vnhzqhvv erxqgdu| rW1 Li mr|m : rWc zh lpsrvh djdlq
d odujh shqdow| iru wkh orj0olnholkrrg1

Wr hdvh wkh hvwlpdwlrq zh vwdqgdugl}h uhwxuqv e| frpsxwlqj wkh phdq > vhsd0
udwho|1 Lq d suholplqdu| vwhs/ zh dovr glylgh o| e| lwv vwdqgdug ghyldwlrq14:

615 Hvwlpdwlrq

Wkh hvwlpdwlrq ri wkh sdudphwhuv iroorzv ydulrxv vwhsv1 Lq d �uvw vwhs/ zh hvwlpdwh wkh
xqfrqglwlrqdo phdq > xvlqj dv hvwlpdwh 	> ' �*A

S
A

|'�
o|1 Wklv |lhogv wkh lqqrydwlrqv/

49Ohdvw vwulqjhqw frqvwudlqwv frxog dovr eh xvhg1
4:Lq rwkhu zrugv/ zh hvwlpdwh wkh prgho iru d vhulhv ri uhwxuqv zlwk phdq 3 dqg xqlw vwdqgdug

ghyldwlrq1 Lw pd| qrw vx!fh wr vwdqgdugl}h uhwxuqv zlwk vwdqgdug ghyldwlrq ehfdxvh ri h{wuhph
ydoxhv1 Iru vhulhv zkhuh h{wuhpho| odujh uhwxuqv duh suhvhqw/ lw pd| eh qhfhvvdu| wr fkrrvh d
sduwlfxoduo| odujh grpdlq G dqg d vwdqgdugl}dwlrq e| d qxpehu odujhu wkdq wkh vwdqgdug ghyldwlrq1
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gh�qhg dv +| ' o| � 	>1 Lw lv zlwk wkhvh lqqrydwlrqv wkdw zh hvwlpdwh wkh JDUFK
prgho zlwk wlph0ydu|lqj vnhzqhvv dqg nxuwrvlv1

Wkh hvwlpdwlrq ri wkh uhpdlqlqj sdudphwhuv lv shuiruphg e| pd{lpl}lqj wkh hp0
slulfdo olnholkrrg1 Wr shuirup d pd{lpl}dwlrq lw lv qhfhvvdu| wr kdyh dq rswlpl}dwlrq
urxwlqh dqg dq remhfwlyh ixqfwlrq1 Zh qrz glvfxvv wkh dojrulwkp |lhoglqj wkh remhf0
wlyh ixqfwlrq/ wkhq zh glvfxvv wkh pd{lpl}dwlrq dojrulwkp xvhg1 Wkh gl!fxow| wkdw
zh kdyh lv wkdw zh vkrxog lghdoo| eh deoh wr lpsrvh uhvwulfwlrqv rq wkh sdudphwhuv vr
wkdw doo wkh r| dqg &| duh dozd|v lq H 1 Wkdw zrxog phdq lpsrvlqj vhyhudo wkrxvdqg
lqhtxdolw| frqvwudlqwv1 Qrw kdylqj dffhvv wr vxfk frgh/ zh wuxqfdwh vnhzqhvv dqg
nxuwrvlv wr wkh grpdlq zkloh lpsrvlqj shqdowlhv1

Wkh remhfwlyh ixqfwlrq zloo lqyroyh d sdudphwhu yhfwru/ vd| w ' E@fc Kfc Sfc @�c K�c @2c
K2�c dqg wkh lqqrydwlrqv +|/ | ' �c � � � c A� Dw hdfk fdoo wr wkh surfhgxuh wkdw frpsxwhv
wkh remhfwlyh ixqfwlrq/ wkh sdudphwhu yhfwru dqg wkh lqqrydwlrqv kdyh wr eh vxssolhg1
Zlwklq wkh surfhgxuh zh xvh wkh iroorzlqj dojrulwkp=

Dojrulwkp 5=

41 Wklv lv dq lqlwldol}dwlrq vwhs1 Zh gh�qh 4 ' �ffff/ vrph odujh qxpehu wkdw
zloo eh xvhg dv d shqdow|1 Zh gh�qh d orzhu dqg dq xsshu erxqgdu| iru nxuwrvlv/
wkdw lv &, ' � dqg &� ' �S uhvshfwlyho|1 Zh dovr vhw wkh olplwv ri wkh grpdlq
G vx!flhqwo| odujh wr jxdudqwhh wkdw lw frqwdlqv +|*j| iru doo |� Zh lqlwldol}h wkh
g|qdplfv ri yrodwlolw| xvlqj j2

f
' �*A

S
A

|'�
+2
|
� Wr gh�qh wkh grpdlq ryhu zklfk wkh

HGv h{lvw zh vhw @ ' f�b�2Dc K ' f�fHf2c S ' f�bbeSc dqg e ' f�ff�1
51 Zh vhw | ' 2 dqg lqlwldol}h d yhfwru , zlwk A � � }hurv wkdw zloo frqwdlq wkh

orj0olnholkrrgv1
61 Khuh zh frpsxwh j2

|
' @fn Kf+

2

|3�
n Sfj

2

|3�
c r| ' @�n K�+|3�c &| ' @2n K2m+|3�mc

0| ' +|*j|1
71 Li &| : &� zh frpsxwh Z& ' E&| � &�� � 4 dqg wuxqfdwh wkh nxuwrvlv e| vhwwlqj

&| ' &�1 Vlploduo|/ li &| 	 &, zh frpsxwh Z& ' E&, � &|� � 4 dqg vhw &| ' &,1
81 Qrz zh frpsxwh wkh olplw ri vnhzqhvv eh|rqg zklfk HGv qr orqjhu h{lvw1 Wkdw

lv rWE&|� '
k
�Kn

t
K2 � e @ ES� &|�

l
*E2@�� e� Zh lqwurgxfh wkh e wr eh fhuwdlq wkdw

zh duh lq wkh lqwhulru ri wkh dxwkrul}hg grpdlq1
91 Qrz zh wuxqfdwh vnhzqhvv lq fdvh ri h{fhhgdqfh1 Li r| : rW wkhq zh vhw

Zr@+r| � rW,� 4 dqg r| ' rW� Li r| 	 �rW wkhq zh vhw Zr@+�rW � r|,� 4 dqg r| ' �rW�
:1 Jlyhq r| dqg &| zh frqvwuxfw wkh HG xvlqj dojrulwkp 41
;1 Qrz zh hydoxdwh wkh HG/ vd| _|c dw wkh srlqw "| dqg frpsxwh wkh orj0olnholkrrg

iru shulrg |c ,|@*?+_|,0*?Ej|�� Wkh whup *?Ej|� frphv iurp wkh Mdfreldq ri wkh wudqv0
irup iurp 0| lqwr +|*j|1 Zkhq d erxqgdu| rq vnhzqhvv ru nxuwrvlv lv elqglqj wkhq
Zr ru Z& jhw dgghg wr wkh olnholkrrg/ ,|1

<1 Vhw | ' |n �� Frqwlqxh zlwk vwhs 6 xqwlo | : A 1

Diwhu hdfk uxq wkurxjk wkh vdpsoh/ wkh surfhgxuh h{sruwv wkh yhfwru ri orj0
olnholkrrgv ,| wkdw zloo eh xvhg e| wkh rswlpl}dwlrq urxwlqh1 Pdq| rswlpl}dwlrq
urxwlqhv h{lvw1 Zh xvhg wkh Eur|ghq/ Iohwfkhu/ Jrogidue/ dqg Vkdqqrq +EIJV,
dojrulwkp +vhh Qrfhgdo dqg Zuljkw/ 4<<<,1
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616 Surshuwlhv ri wkh hvwlpdwhv

Zh zloo hvwlpdwh htxdwlrq +47, wr +53,/ ru dowhuqdwlyho| wkh vdph prgho exw zlwk +4;,
dqg +4<, uhsodfhg e| +54, dqg +55,1 Jlyhq wkdw zh dvvxph iru wkh huuruv d fhuwdlq vhpl0
qrqsdudphwulf uhsuhvhqwdwlrq lw iroorzv wkdw rxu hvwlpdwlrq ehfrphv rqh ri hpslulfdo
pd{lpxp olnholkrrg1 Wklv udlvhv wkh lvvxh ri wkh w|sh ri vwdqgdug huuruv wr xvh14;

Zh qrwh dv O.'Ew( +� wkh txdvl olnholkrrg rewdlqhg e| xvlqj wkh hqwurs| ghqvlw|
iru wkh uhvlgxdov1 Zh ohw + ' E+�c � � � c +A �� wkh yhfwru ri lqqrydwlrqv dqg w wkh yhfwru
ri doo sdudphwhuv1 Wkh txdvl0pd{lpxp olnholkrrg +TPO, hvwlpdwh 	w lv rewdlqhg dv
vroxwlrq wr

	w 5 duj4@ 
wMl

k
*?O.'Ew( +�

l
�

Wkh olplw glvwulexwlrq lv jlyhq e|

s
A E	w � wf� , Q Efc �Ewf�

3�P�Ewf�
3�� +56,

zkhuh wf lv wkh wuxh ydoxh ri w/ dqg zkhuh , lqglfdwhv frqyhujhqfh lq glvwulexwlrq1
Wkh pdwulfhv �Ewf� uhvshfwlyho| P pd| eh hvwlpdwhg xvlqj
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68 �
Li iru jlyhq sdudphwhuv wkh hqwurs| ghqvlw| fruuhfwo| vshfl�hv wkh wuxh ghqvlw| ri wkh
"| wkhq/ Zklwh +4<<7, kdv vkrzq wkdw P ' ��Ewf� dqg wkh pd{lpxp olnholkrrg kdv
wkh idploldu dv|pswrwlf qrupdolw|

s
A E	w � wf� , Q

3Cfc solpA<"

3C� �

A

%
Y2 *?O.'Ew( +�

YwYw�

�����
wf

&3�4D4D �

Hyhq wkrxjk zh eholhyh wkdw wkh prgholqj ri lqqrydwlrqv zlwk d pruh jhqhudo ghqvlw|
doorzlqj iru wlph ydu|lqj prphqwv lv d vwhs wrzdugv wkh fruuhfw ghvfulswlrq ri lqqr0
ydwlrqv/ jlyhq wkh frpsoh{lw| ri �qdqfldo gdwd/ lw lv zlvh wr dvvxph wkdw wkhuh lv vwloo
plv0vshfl�fdwlrq lq rxu prgho1 Iru wklv uhdvrq/ zh uhfrpphqg wkh xvh ri wkh urexvw
irupxodv lq +56,1 Lq wkh hpslulfdo zrun zh zloo rqo| wklv w|sh ri vwdqgdug huuruv1

7 Hpslulfdo uhvxowv

714 Wkh gdwd xvhg

Rxw ri Gdwdvwuhdp zh h{wudfwhg gdlo| forvlqj sulfhv iru wkh V)S 833 Frpsrvlwh Lq0
gh{/ wkh IW 433 Vkduh Lqgh{/ dqg wkh Qlnnhl 558 Vwrfn Lqgh{1 Xvlqj forvlqj sulfhv/
vdpsohg iru hdfk Wxhvgd| +ru wkh gd| forvhvw wr lw,/ zh frqvwuxfwhg zhhno| uhwxuqv1

4;Wkh iroorzlqj glvfxvvlrq lv lqvsluhg e| Plwwhokdpphu/ Mxgjh/ dqg Ploohu/ +5333,/ s1 57;057<1
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Wkh vdpsoh fryhuv wkh shulrg iurp Dxjxvw 5:/ 4<:4 wkurxjk Pdl 64/ 53331 Rxu
gdwdedvh/ wkhuhiruh/ frqvlvwv ri 4833 revhuydwlrqv1 Wdeoh 4 surylghv vdpsoh vwdwlv0
wlfv zkhuh doo prphqwv duh frpsxwhg lq wkh JPP vhwwlqj ri Ulfkdugvrq dqg Vplwk
+4<<6,/ wkxv/ frqwuroolqj iru khwhurvnhgdvwlflw|1 Doo wkh vhulhv xqghu frqvlghudwlrq
duh qhjdwlyho| vnhzhg dqg idw0wdlohg1 Ixuwkhupruh/ wkh Hqjoh vwdwlvwlf uhyhdov wkh
suhvhqfh ri frqglwlrqdo khwhurvnhgdvwlflw| lq wkh gdwd1

715 Suholplqdu| Hvwlpdwlrq

Lq rughu wr jhw dq lghd ri wkh xqfrqglwlrqdo ehkdylru ri wkh prgho/ zh vwduw zlwk
wkh hvwlpdwlrq ri wudglwlrqdo prghov dvvxplqj iru wkh uhvlgxdov qrupdolw|/ d vwxghqw0
w dqg d jhqhudol}hg huuru glvwulexwlrq +JHG,1 Wklv phdqv wkdw zh frqvlghu htxd0
wlrqv +47, wr +4:, zkhuh zh uhsodfh wkh hqwurs| ghqvlw| hlwkhu zlwk d qrupdo ghqvlw|/
E2Z�3�*2 i TE�f�D%2��/ d vwxghqw0w zlwk D ghjuhhv ri iuhhgrp/ KEED n ��*2�*KED*2�
EDZ�3�*2E� n %2*D�EDn��*2/ ru wkh JHG zlwk sdudphwhu #1 Wkh ghqvlw| ri wkh JHG lv
jlyhq e| E# i Td�f�Dm%*bm#o�* Eb2EE#n��*#�KE�*#�� zkhuh b ' i232*#KE�*#�*KE�*#�j�*21

Wkh hvwlpdwhv duh uhsruwhg lq Wdeoh 51 Zh rewdlq iru wkh sdudphwhuv w|slfdo
ydoxhv1 Wkh sdudphwhu Kf rvfloodwhv durxqg 314 dqg Sf durxqg 31;; vxjjhvwlqj wkdw
wkhuh lv d idlu dprxqw ri shuvlvwhqfh lq yrodwlolw|1 Zkhq zh lqvshfw wkh sdudphwhuv
iru jlyhq gdwd exw ydulrxv prghov zh qrwlfh wkdw wkh hvwlpdwhv uhpdlq yhu| vlplodu1
Qh{w/ zh pd| lqvshfw wkh vwdqgdug huuruv1 Zh �qg wkdw wkh urexvw vwdqgdug huuruv
duh vlplodu dfurvv wkh ydulrxv prghov1

Lw lv ixuwkhu srvvleoh wr frpsduh wkh jdxvvldq prgho zlwk wkh vwxghqw0w dqg JHG
vlqfh wkh vwxghqw0w hqfrpsdvvhv wkh qrupdo fdvh iru D ' 4 dqg wkh JHG grhv wkh
vdph iru # ' 2� Wr shuirup wkh whvw zh pd| hlwkhu gluhfwo| xvh wkh Zdog w0whvw
dvvrfldwhg zlwk wkh sdudphwhuv D dqg # ru wkh olnholkrrg udwlr whvw ri wkh jdxvvldq
uhvwulfwlrq1 Iru erwk w|shv ri whvwv zh qrwlfh wkdw zh dozd|v vrxqgo| uhmhfw wkh
jdxvvldq uhvwulfwlrq1 Zkhq zh frqvlghu wkh VS 833 zh �qg wkdw wkh sdudphwhu D lv
uhodwlyho| odujh wdnlqj wkh ydoxh 4418: dqg wkh # wkh ydoxh 41991 Wklv vxjjhvwv wkdw
wklv vhulhv kdv lqqrydwlrqv wkdw duh forvh wr wkh jdxvvldq fdvh1

Qrz zh wxuq wr d prgho zkhuh huuruv iroorz dq xqfrqglwlrqdo HG rewdlqhg e|
vhwwlqj K� ' K2 ' f/ l1h1 vnhzqhvv dqg nxuwrvlv duh frqvwdqw1 Iru wklv hvwlpdwlrq/
zh xvh dv vwduwlqj ydoxhv iru vnhzqhvv dqg nxuwrvlv wkh hvwlpdwhv uhsruwhg lq Wdeoh 4
dqg dv vwduwlqj ydoxhv ri wkh yrodwlolw| htxdwlrq/ +4:,/ wkh rqhv ri wkh JDUFK+4/4,
prgho1 Frqyhujhqfh zdv dfklhyhg diwhu d ihz vhfrqgv1 Wkh uhvxowv duh suhvhqwhg lq
Wdeoh 61 Zh qrwlfh ydoxhv iru wkh hvwlpdwhv ri wkh yrodwlolw| htxdwlrq +4:, wkdw duh
forvh wr wkh ydoxhv uhsruwhg lq Wdeoh 51

Wxuqlqj wr vnhzqhvv dqg nxuwrvlv/ iru wkh VS 833 zh rewdlqhg lq Wdeoh 4 wkh ydoxhv
03165 dqg 61551 Qrz zh rewdlq 0315; dqg 61;:/ wkxv/ wkh sdudphwhuv duh uhodwlyho|
forvh1 Krzhyhu/ iru wkh IW 433 wklv lv qrw wkh fdvh1 Vnhzqhvv wrrn wkh ydoxh 0316; lq
Wdeoh 4 exw qrz wdnhv wkh ydoxh 031:;1 Vlqfh lw lv nqrzq wkdw frqglwlrqdo yrodwlolw|
fuhdwhv idw0wdlov/ wklv vxjjhvwv wkdw wkh �owhulqj e| wkh frqglwlrqdo yrodwlolw| dpsol�hv
wkh wdlo ehkdylru/ txhvwlrqlqj wkh vshfl�fdwlrq ri JDUFK prghov iru fhuwdlq vhulhv1

Hyhq wkrxjk wkh HG grhv qrw hqfrpsdvv wkh vwxghqw0w qru wkh JHG rqh pd|
dvn zklfk prgho vkrxog zh vhohfw1 Vhyhudo vhohfwlrq fulwhuld pd| eh xvhg vxfk dv wkh
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Dndlnh ru Vfkzdu} fulwhulrq1 Vlqfh wkh qxpehu ri sdudphwhuv lv htxdo lq doo wkhvh
prghov/ wkh vhohfwlrq dprqj wkh vwxghqw0w/ wkh JHG ru wkh HG erlov grzq wr wkh
fkrlfh ri wkh prgho zlwk wkh odujhvw olnholkrrg1 Erwk iru wkh VS 833 dqg wkh IW 433
zh �qg wkdw wkh hqwurs| shuirupv ehvw1 Iru wkh Qlnnhl zh �qg wkdw wkh vwxghqw0w kdv
d kljkhu olnholkrrg wkdq wkh HG zklfk lq wxuq shuirupv ehwwhu wkdq wkh JHG1 Wklv
revhuydwlrq vxjjhvwv wkdw wkhuh duh h{wuhph uhdol}dwlrqv lq wkh Qlnnhl wkdw wkh HG
kdv gl!fxowlhv wr fdswxuh1

Lq Iljxuh 7 zh glvsod| wkh vkdsh ri wkh ydulrxv glvwulexwlrqv ri "| iru wkh IW
4331 Wkh fkrlfh ehwzhhq d qrupdo dqg vwxghqw0w lv qrw dq reylrxv rqh vlqfh wkhlu
vkdsh lv yhu| forvh1 Wkh JHG/ rq wkh rwkhu kdqg/ gl�huv iurp wkh qrupdo dqg wkh
vwxghqw0w1 Lwv shdn lv pxfk pruh surqrxqfhg1 Rqh ri wkh glvdgydqwdjhv ri wkhvh
glvwulexwlrqv lv wkdw wkh| duh v|pphwulf dqg/ wkhuhiruh/ wkh| gr qrw doorz iru dq
dv|pphwu|1 Lqvshfwlrq ri wkh HG uhyhdov wkdw wkhuh lv d vwurqj dv|pphwu| lq wkh
gdwd1 Wklv vnhzqhvv lv gxh wr odujh qhjdwlyh uhdol}dwlrqv1

716 Hvwlpdwlrq ri wkh jhqhudo prgho

D �uvw uhpdun lv wkdw lq rswlpl}dwlrq sureohpv ri wklv nlqg/ wkh fkrlfh ri lqlwldo ydoxhv
lv txlwh lpsruwdqw1 Hyhq wkrxjk wkh frgh kdv ehhq zulwwhq lq vxfk d pdqqhu wkdw
wkh sdudphwhuv hqg xs lq wkh dxwkrul}hg grpdlq/ wkh hvwlpdwlrq lv vhqvleo| idvwhu li
rqh vwduwv zlwk lqwhulru sdudphwhu/ l1h1 doo wkh frqvwudlqwv duh vdwlv�hg1 Zh zloo xvh
lq rxu hvwlpdwlrqv wkh sdudphwhu hvwlpdwhv rewdlqhg iurp wkh xqfrqglwlrqdo hqwurs|
ghqvlw| hvwlpdwlrq1

Wkh ohiw sduw ri Wdeoh 7 fruuhvsrqg wr wkh vshfl�fdwlrq L/ wkdw lv vnhzqhvv dqg nxu0
wrvlv duh ghvfulehg e| htxdwlrqv +4;, dqg +4<,1 Wkh uljkw sduw ri wkh wdeoh fruuhvsrqg
wr wkh vshfl�fdwlrq lqyroylqj htxdwlrqv +54, dqg +55,1

D �uvw frpsdulvrq ehwzhhq wkh yrodwlolw| sdudphwhuv ri Wdeoh 7 zlwk wkrvh ri
Wdeoh 6 uhyhdov wkdw wkhvh sdudphwhuv duh hvvhqwldoo| xqd�hfwhg e| lqwurgxflqj wlph0
ydu|lqj vnhzqhvv dqg nxuwrvlv1 Iru lqvwdqfh/ wkh sdudphwhu Kf ri wkh IW 433 wrrn wkh
ydoxh 31354< zkhq vnhzqhvv dqg nxuwrvlv zhuh khog frqvwdqw/ zkhuhdv qrz lw ehfrphv
31349:1

Lqvshfwlrq ri wkh frqvwdqw lq wkh vnhzqhvv htxdwlrq zlwk r ri Wdeoh 6 lqglfdwhv
wkdw iru fhuwdlq vshfl�fdwlrqv wklv sdudphwhu lv udwkhu xqvwdeoh1 Iru wkh IW 433 wkh
frqvwdqw pdunhgo| ghfuhdvhv lq devroxwh ydoxh iurp 031:< wr 031641 Lqwhuhvwlqjo|/ wkh
sdudphwhu @� lv qrz yhu| forvh wr wkh xqfrqglwlrqdo vnhzqhvv hvwlpdwhg lq Wdeoh 41

Xvlqj wkh olnholkrrgv ri wkh ydulrxv prghov lw lv srvvleoh wr whvw wkh uhvwulfwlrq
K� ' K21 Zh qrwlfh wkdw/ iru wkh Qlnnhl/ vshfl�fdwlrq L dsshduv dv dq lpsuryhphqw
ryhu wkh prgho zlwk frqvwdqw vnhzqhvv dqg nxuwrvlv/ dqg vlploduo| vshfl�fdwlrq LL iru
wkh VS 8331 Dw �uvw jodqfh/ iru wkh rwkhu hvwlpdwlrqv wkh prgho zlwk wlph ydu|lqj
vnhzqhvv dqg nxuwrvlv grhv qrw eulqj pxfk lpsuryhphqw iurp d vwdwlvwlfdo srlqw ri
ylhz1 Pruh fduhixo lqvshfwlrq ri wkh w0vwdwlvwlfv ri wkh sdudphwhuv vkrzv wkdw wkh
odjjhg sdudphwhu K� lq wkh vnhzqhvv g|qdplf ri wkh IW 433 lv vwdwlvwlfdoo| gl�huhqw
iurp 31 Dovr iurp dq hfrqrplf srlqw ri ylhz/ lqvshfwlrq ri wkh pdjqlwxgh ri wkh
srlqw hvwlpdwhv ri K� dqg K2 vkrzv wkdw wkhvh frh!flhqwv duh uhodwlyho| odujh1 Rqh
srvvleoh lqwhusuhwdwlrq ri wkhvh uhvxowv lv wkdw vnhzqhvv dqg nxuwrvlv phdvxuh h{wuhph
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uhdol}dwlrqv wkdw rffxu rqo| vhogrpo|1 Ehfdxvh ri wklv uduh rffxuuhqfh vwdwlvwlfdo whvwv
zloo kdyh olwwoh srzhu1

Wr vxp xs= rxu prgho ri frqglwlrqdo vnhzqhvv dqg nxuwrvlv uhyhdov vrph frqgl0
wlrqdo ehkdylru dw d zhhno| iuhtxhqf|/ krzhyhu/ wklv g|qdplf lv udwkhu gl!fxow wr
lqwhusuhw1

8 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh �uvw vkrzq krz hqwurs| ghqvlwlhv fdq eh hvwlpdwhg lq dq h!0
flhqw pdqqhu1 Zh fkdudfwhul}h wkh vnhzqhvv dqg nxuwrvlv grpdlq ryhu zklfk hqwurs|
ghqvlwlhv zloo eh zhoo gh�qhg zkloh nhhslqj wkh phdq htxdo wr }hur dqg wkh yduldqfh
htxdo wr rqh1 Lq d qxphulfdo dssolfdwlrq/ lqyroylqj vhulhv ri zhhno| vwrfn uhwxuqv/ zh
vkrz wkdw wkh hqwurs| ghqvlw| lv ri ydoxh lq wudglwlrqdo JDUFK prghov/ l1h1 zkhuh
vnhzqhvv dqg nxuwrvlv lv qrw wlph yduldqw1 Wxuqlqj wr wkh prgho doorzlqj iru wlph
ydu|lqj sdudphwhuv zh vkrz wkdw wkh hvwlpdwlrq ri d prgho lqyroylqj d wlph0ydu|lqj
vnhzqhvv dqg nxuwrvlv lv srvvleoh1

D ixuwkhu frqwulexwlrq lv wkdw zh vkrz krz vnhzqhvv dqg nxuwrvlv pd| eh uhqghuhg
wlph ydu|lqj xvlqj hqwurs| ghqvlwlhv1 Zh �qg wkdw iurp d vwdwlvwlfdo srlqw ri ylhz
wkhuh lv olwwoh hylghqfh wkdw vnhzqhvv dqg nxuwrvlv duh ghshqghqw rq sdvw uhwxuqv1
Rqh srvvleoh uhdvrq iru wklv �qglqj lv wkdw wkhvh prphqwv duh gulyhq e| h{wuhph
uhdol}dwlrqv wkdw rffxu rqo| lqiuhtxhqwo|1 Ehfdxvh ri wklv uduh rffxuuhqfh vwdwlvwlfdo
whvw pd| odfn srzhu1

48



Uhihuhqfhv

^4` Deudprzlw}/ P1/ dqg L1D1 Vwhjxq/ 4<:3/ Kdqgerrn ri Pdwkhpdwlfdo Ixqfwlrqv/
+Gryhu Sxeolfdwlrqv/ Lqf1/ Qhz \run,1

^5` Dokdvvlg/ \1/ Q1 Djprq/ dqg U1G1 Ohylqh/ 4<:;/ Dq xsshu erxqg iru wkh hqwurs|
dqg lwv dssolfdwlrqv wr wkh pd{lpdo hqwurs| sureohp/ Fkhplfdo Sk|vlfv Ohwwhuv/
86 +4,/ 55�591

^6` Djprq/ Q1/ \1 Dokdvvlg/ dqg U1G1 Ohylqh/ 4<:<d/ Dq dojrulwkp iru �qglqj wkh
glvwulexwlrq ri pd{lpdo hqwurs|/ Mrxuqdo ri Frpsxwdwlrqdo Sk|vlfv/ 63/ 583�58<1

^7` Djprq/ Q1/ \1 Dokdvvlg/ dqg U1G1 Ohylqh/ 4<:<e/ Wkh pd{lpxp hqwurs| iru0
pdolvp/ lq U1G Ohylqh dqg P1 Wulexv/ hgv/ Wkh pd{lpxp hqwurs| irupdolvp/
PLW Suhvv/ Fdpeulgjh/ Pdvv1/ 53:�53<1

^8` Eduwrq/ G1H1/ dqg N1H1U1 Ghqqlv/ 4<85/ Wkh frqglwlrqv xqghu zklfk Judp0
Fkduolhu dqg Hgjhzruwk fxuyhv duh srvlwlyh gh�qlwh dqg xqlprgdo/ Elrphwulnd/
6</ 758�75:1

^9` Ehud/ D1N1/ dqg P1O1 Kljjlqv/ 4<<5/ D fodvv ri qrqolqhdu DUFK prghov/ Lqwhu0
qdwlrqdo Hfrqrplf Uhylhz/ 66+4,/ 46:�48;1

^:` Eroohuvohy/ W1/ 4<;9/ Jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|/
Mrxuqdo ri Hfrqrphwulfv/ 64+6,/ 63:�65;1

^;` Eroohuvohy/ W1/ 4<;:/ D frqglwlrqdo khwhurvnhgdvwlf wlph vhulhv prgho iru vshfxod0
wlyh sulfhv dqg udwhv ri uhwxuq/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 9</ 875�87:1

^<` Eroohuvohy/ W1/ U1I1 Hqjoh/ dqg G1E1 Qhovrq/ 4<<7/ DUFK prghov/ lq U1I1 Hqjoh
dqg G1O1 PfIdgghq/ hgv/ Kdqgerrn ri Hfrqrphwulfv/ yro1 7/ Hovhylhu Vflhqfh/
5<8<�636;1

^43` Exfkhq/ S1/ dqg P1 Nhoo|/ 4<<9/ Wkh pd{lpxp hqwurs| glvwulexwlrq ri dq dv0
vhw lqihuuhg iurp rswlrq sulfhv/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/
64+4,/ 476�48<1

^44` Gdylv/ S1/ dqg L1 Srorqvn|/ 4<:3/ Qxphulfdo lqwhusrodwlrq/ gl�huhqwldwlrq dqg
lqwhjudwlrq/ lq P1 Deudprzlw} dqg L1D1 Vwhjxq/ hgv/ Kdqgerrn ri Pdwkhpdwlfdo
Ixqfwlrqv/ ;:8�<57/ Zdvklqjwrq/ X1V1 Jryw1 Sulqwlqj R!fh1

^45` Hqjoh/ U1I1/ 4<;5/ Dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| zlwk hvwlpdwhv
ri wkh yduldqfh ri Xqlwhg Nlqjgrp lq dwlrq/ Hfrqrphwulfd/ 83+7,/ <;:�433:1

^46` Hqjoh/ U1I1/ dqg J1 Jrq}dohv0Ulyhud/ 4<<4/ Vhplsdudphwulf DUFKprghov/ Mrxu0
qdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ <+7,/ 678�68<1

^47` Iohwfkhu/ U1/ 4<<7/ Dq ryhuylhz ri xqfrqvwudlqhg rswlpl}dwlrq/ lq H1 Vshglfdwr/
hg1/ Dojrulwkpv iru Frqwlqxrxv Rswlpl}dwlrq/ [[/ 43<�476/ +Noxzhu Dfdghplf/
Gruguhfkw/ Qhwkhuodqg,1
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^48` Jdoodqw D1U1/ dqg J1 Wdxfkhq/ 4<;</ Vhpl qrq0sdudphwulf hvwlpdwlrq ri frqgl0
wlrqdoo| frqvwudlqhg khwhurjhqrxv surfhvvhv= Dvvhw sulflqj dssolfdwlrqv/ Hfrqr0
phwulfd/ 8:+8,/ 43<4�44531

^49` Jrodq/ D1/ J1 Mxgjh/ dqg G1 Ploohu/ 4<<9/ Pd{lpxp hqwurs| hfrqrphwulfv= Ur0
exvw hvwlpdwlrq zlwk olplwhg gdwd1 +Zloh|/ Fklfkhvwhu,1

^4:` Kdqvhq/ E1H1/ 4<<7/ Dxwruhjuhvvlyh frqglwlrqdo ghqvlw| hvwlpdwlrq/ Lqwhuqdwlrqdo
Hfrqrplf Uhylhz/ 68+6,/ :38�:631

^4;` Kduyh|/ F1U1/ dqg D1 Vlggltxh/ 4<<</ Dxwruhjuhvvlyh frqglwlrqdo vnhzqhvv/ Mrxu0
qdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 67+6,/ 798�7;:1

^4<` Kdznlqv/ U1M1/ P1 Uxelqvwhlq/ J1M1 Gdqlhoo/ 4<<9/ Uhfrqvwuxfwlrq ri wkh sured0
elolw| ghqvlw| ixqfwlrq lpsolflw lq rswlrq sulfhv iurp lqfrpsohwh dqg qrlv| gdwd/
lq N1P1 Kdqvrq dqg U1Q1 Vloyhu +hgv,/ Pd{lpxp Hqwurs| dqg Ed|hvldq Phwk0
rgv/ 4�;1 +Noxzhu Dfdghplf Sxeolvkhuv/ Qhwkhuodqgv,1

^53` Md|qhv/ H1W1/ 4<8:/ Lqirupdwlrq wkhru| dqg vwdwlvwlfdo phfkdqlfv/ Sk|vlfdo Uh0
ylhz/ 439+7,/ 953�9631

^54` Md|qhv/ H1W1/ 4<;5/ Rq wkh udwlrqdoh ri pd{lpxp0hqwurs| phwkrgv/ Surfhhglqjv
ri wkh LHHH/ :3+<,/ <6<�<851

^55` Mrkqvrq/ Q1O1/ V1 Nrw}/ dqg Q1 Edodnulvkqdq/ 4<<7/ Frqwlqxrxv xqlyduldwh glv0
wulexwlrq/ Yro1 4/ +Mrkq Zloh| dqg Vrqv/ Qhz \run/ 5qg hg1,1

^56` Mrqghdx/ H1/ dqg P1 Urfnlqjhu/ 5334/ Judp0Fkduolhu ghqvlwlhv/ Mrxuqdo ri Hfr0
qrplf G|qdplfv dqg Frqwuro/ iruwkfrplqj1

^57` Nudxv/ D1/ dqg U1K1 Olw}hqehujhu/ 4<:9/ Vnhzqhvv suhihuhqfh dqg wkh ydoxdwlrq
ri ulvn dvvhwv/ Mrxuqdo ri Ilqdqfh/ 64+7,/ 43;8�44331

^58` Phdg/ O1U1/ dqg Q1 Sdsdqlfrodrx/ 4<;7/ Pd{lpxp hqwurs| lq wkh sureohp ri
prphqwv/ Mrxuqdo ri Pdwkhpdwlfdo Sk|vlfv/ 58+;,/ 5737�574:1

^59` Plwwhokdpphu/ U1F1/ J1J1 Mxgjh/ dqg G1M1 Ploohu/ 5333/ Hfrqrphwulf Irxqgd0
wlrqv1 +Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ XN,1

^5:` Qhovrq/ G1E1/ 4<<4/ Frqglwlrqdo khwhurvnhgdvwlfw| lq dvvhw uhwxuqv 0 D qhz ds0
surdfk/ Hfrqrphwulfd/ 8<+5,/ 67:�6:31

^5;` Qrfhgdo/ M1/ dqg V1M1 Zuljkw/ 4<<</ Qxphulfdo Rswlpl}dwlrq1 +Vsulqjhu Yhuodj/
Qhz \run/ XVD,1

^5<` Ruprqhlw/ G1/ dqg K1 Zklwh/ 4<<</ Dq h!flhqw dojrulwkp wr frpsxwh pd{lpxp
hqwurs| ghqvlwlhv/ Hfrqrphwulf Uhylhzv/ 4;+5,/ 45:�4731

^63` Suhvv/ Z1K1/ V1D1 Whxnrovn|/ Z1W1 Yhwwhuolqj/ dqg E1S1 Iodqqhu|/ 4<<</ Qxphu0
lfdo uhflshv lq F= Wkh duw ri vflhqwl�f frpsxwlqj1 +Fdpeulgjh Xqlyhuvlw| Suhvv/
Fdpeulgjh/ XN,1
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^64` Ulfkdugvrq/ P1/ dqg W1 Vplwk/ 4<<6/ D whvw iru pxowlyduldwh qrupdolw| lq vwrfn
uhwxuqv/ Mrxuqdo ri Exvlqhvv/ 99+5,/ 5<8�6541

^65` Vkdqqrq/ F1H1/ 4<7;/ Wkh pdwkhpdwlfdo wkhru| ri frppxqlfdwlrq/ Ehoo V|vwhpv
Whfkqlfdo Mrxuqdo/ 5:/ 6:<�756 dqg 956�9891

^66` Vwxw}hu/ P1/ 4<<9/ D vlpsoh qrqsdudphwulf dssurdfk wr ghulydwlyh vhfxulw| ydox0
dwlrq/ Mrxuqdo ri Ilqdqfh/ 84+8,/ 4966�49851

^67` Zkhhohu/ M1F1/ dqg U1J1 Jrugrq/ 4<9</ Uljrurxv erxqgv iru wkhuprg|qdplf
surshuwlhv ri kduprqlf vrolgv/ Wkh Mrxuqdo ri Fkhplfdo Sk|vlfv/ 84+45,/ 8899�
88;61

^68` Zklwh/ K1/ 4<<7/ Hvwlpdwlrq/ Lqihuhqfh/ dqg Vshfl�fdwlrq Dqdo|vlv1 +Fdpeulgjh
Xqlyhuvlw| Suhvv/ Fdpeulgjh/ XN,1

^69` ]hooqhu/ D1/ dqg U1D1 Kljk�hog/ 4<;;/ Fdofxodwlrq ri pd{lpxp hqwurs| glvwule0
xwlrqv dqg dssur{lpdwlrq ri pdujlqdo srvwhulru glvwulexwlrqv/ Mrxuqdo ri Hfrqr0
phwulfv/ 6:+5,/ 4<8�53<1

^6:` ]hooqhu/ D1/ M1 Wreldv/ dqg K1 U|x/ 4<<:04<<</ Ed|hvldq Phwkrg ri Prphqwv
Dqdo|vlv ri wlph vhulhv prghov zlwk dq dssolfdwlrq wr iruhfdvwlqj wxuqlqj srlqwv
lq rxwsxw jurzwk udwhv/ +Hvwdgðvwlfd/ 7<084 485048:,/ 60961
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Fdswlrqv

Wdeoh 4= Wklv wdeoh uhsuhvhqwv prphqwv frpsxwhg zlwk JPP dqg d fruuhfwlrq
iru khwhurvnhgdvwlflw|1 Wkh qxpehuv lq sduhqwkhvlv/ l1h1 v1h1/ duh wkh vwdqgdug huuruv
ri wkh vwdwlvwlfv1 Qrupdolw| fruuhvsrqgv wr wkh Mdutxh0Ehud whvw ri qrupdolw|1 Wklv
vwdwlvwlfv lv rewdlqhg dv wkh vxp ri wkh vtxduhg vwdqgdugl}hg vnhzqhvv dqg wkh vtxduhg
vwdqgdugl}hg h{fhvv0nxuwrvlv1 Hqjoh lv wkh Odjudqjh0pxowlsolhu vwdwlvwlf A -2 ri mrlqw
vljql�fdqfh ri wkh uhjuhvvruv lq dq ROV uhjuhvvlrq ri vtxduhg fhqwhuhg uhwxuqv rq
wkhlu odjv1 Wkhuh duh 4833 zhhno| revhuydwlrqv lq wkh vdpsoh1

Wdeoh 5= Wklv wdeoh glvsod|v wkh uhvxowv ri wkh hvwlpdwlrq ri wudglwlrqdo prghov1
Zh ghvfuleh wkh lqqrydwlrqv +| ' o| � �*A

SA
|'� o| e| dvvxplqj wkdw +| ' j|"| zkhuh

j| ' @f n Kf+
2
|3� n Sfj

2
|3� dqg "| lv hlwkhu prghohg zlwk wkh vwdqgdug qrupdo/ wkh

vwxghqw0w/ ru wkh jhqhudol}hg huuru glvwulexwlrq +JHG,1
Wdeoh 6= Wklv wdeoh uhsuhvhqwv wkh sdudphwhuv ri wkh JDUFK uhjuhvvlrqv zkhuh

lqqrydwlrqv duh dvvxphg wr eh glvwulexwhg dv dq hqwurs| ghqvlw|1 Khuh vnhzqhvv r dqg
nxuwrvlv & duh vxssrvhg wr eh frqvwdqwv1 Wkh vxshuvfulsw @ +K, lqglfdwhv vljql�fdqfh
dw wkh 8( +43(, ohyho1

Wdeoh 7= Lq wklv wdeoh/ zh hvwlpdwh d JDUFK prgho rq wkh ixoo vdpsoh doorzlqj
iru wlph0ydu|lqj vnhzqhvv dqg nxuwrvlv1 Lq vshfl�fdwlrq L/ vnhzqhvv dqg nxuwrvlv duh
prghohg dv r| ' @� n K�+|3� dqg &| ' @2 n K2m+|3�m� Lq vshfl�fdwlrq LL/ wkh prgho lv
r| ' @� n K�+|3�*j|3� dqg &| ' @2 n K2m+|3�*j|3�m� Wkh odeho OUW fruuhvsrqgv wr d
olnholkrrg udwlr whvw vwdwlvwlfv ri wkh uhvwulfwhg prgho zkhuh K� ' K2�

Iljxuh 4= Khuh zh uhsuhvhqw wkh iurqwlhu gholplwlqj wkh vnhzqhvv dqg nxuwrvlv
grpdlq zkhuh hqwurs| ghqvlwlhv h{lvw1 Wklv judsk uhsuhvhqwv rqo| wkh xsshu kdoi ri
wkh dxwkrul}hg grpdlq1 Wkh ydulrxv ohwwhuv D wr I fruuhvsrqg wr srlqwv iru zklfk zh
uhsuhvhqw wkh hqwurs| ghqvlw| lq odwhu �jxuhv1

Iljxuh 5= Hqwurs| ghqvlwlhv iru wkh srlqwv D/ E/ dqg F1
Iljxuh 6= Hqwurs| ghqvlwlhv iru wkh srlqwv G/ H/ dqg I1
Iljxuh 7= Ydulrxv xqfrqglwlrqdo ghqvlwlhv rewdlqhg lq d JDUFK hvwlpdwlrq1

Wklv judsk lv iru wkh IW4331

4<



Wdeoh 41 Ghvfulswlyh Vwdwlvwlfv

VS 833 IW 433 QLNNHL
Phdq 314::7 314;77 31459:
+v1h1, 31389@ 3139<@ 31393@

Ydu 5147:< 519:; 51649<
+v1h1, 31396@ 31446@ 313:5@

Vnhz 0316576 0316;:7 031688:
+v1h1, 3156; 318<4 3154:
Nxuw 6154:< ;1:47: 61:98;
+v1h1, 31<98@ 61<;:@ 3197:@

Qrupdolw| 4513; 8197 69183
R0ydoxh 3133 3139 3133
Hqjoh :<138 7;1;4 851<8
R0ydoxh 3133 3133 3133
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Wdeoh 51 JDUFK hvwlpdwhv zlwk wudglwlrqdo ghqvlwlhv

Jdxvvldq prgho Vwxghqw0w JHG
VS 833 IW 433 QLNNHL VS 833 IW 433 QLNNHL VS 833 IW 433 QLNNHL

@f 3135<5 313597 313476 313556 313557 313457 3135;6 3135;5 31348<
31347:@ 313433@ 3133<4 313448K 3133:5@ 313393@ 313476@ 3133<7@ 3133;5K

Kf 3143:; 313<6: 31447; 313;59 313984 313<54 314378 313;;6 3145:5
313575@ 3134<4@ 313678@ 3134<9@ 313469@ 313549@ 31356<@ 3134::@ 313639@

Sf 31;99: 31;;69 31;;3: 31;:8: 31;;47 31;886 31;:37 31;;68 31;9:3
313656@ 313536@ 3136;:@ 313657@ 313543@ 313668@ 313657@ 31353;@ 313663@

D � � � 4418:84 ;158<6 913799 � � �
51;877@ 513488@ 31<85:@

# � � � � � � 419968 417839 4165<5
313<58@ 314753@ 313;59@

Oln 053471:9 04<<3155 04<8;14; 053351:8 04<6<18; 04<37195 0533:195 04<8:134 04<47189
OUW� � � 57136 43415: 43:146 4715< 99174 ;:158
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Wdeoh 61 JDUFK hvwlpdwhv zlwk hqwurs| ghqvlw| dqg frqvwdqw vnhzqhvv dqg nxuwrvlv

VS 833 IW 433 QLNNHL
@f 313566 31365< 313554

31344:@ 31343<@ 3133<<@

Kf 313<9: 313<98 3146;7
313549@ 31354<@ 313657@

Sf 31;;56 31;:43 31;768
3135;6@ 313585@ 313698@

r 0315;6< 031:<3: 0317786
314374@ 318738 314849@

& 61;:9: <148:8 815;5;
31579<@ 815:8: 31:4:<@

Oln 05334164 04<651;3 04<43134
OUW 591<4 4471;7 <9167
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Wdeoh 71 JDUFK hvwlpdwhv zlwk hqwurs| ghqvlw| dqg wlph0ydu|lqj vnhzqhvv dqg nxu0

wrvlv

Vshfl�fdwlrq L Vshfl�fdwlrq LL

VS 833 IW 433 QLNNHL VS 833 IW 433 QLNNHL

@f 313536 31363; 313586 313536 313647 313563
313453K 3133<6@ 313435@ 313453K 3133<9@ 3133<<@

Kf 313<;: 313;56 3148<: 313<8< 313;67 3146<9
313567@ 31349:@ 3138::@ 31354:@ 3134:8@ 313655@

Sf 31;;6: 31;::: 31;378 31;;95 31;;6; 31;79:
3135<9@ 31353<@ 313;57@ 3135;:@ 313559@ 313654@

@� 0315;65 03164:8 03165<; 0316464 03166;9 0319;8<
313;<8@ 31547; 314637@ 313<56@ 31599< 31636:@

K� 314535 31566: 0313;<5 31444< 3157<8 0314<9:
313<3: 313;4:@ 3143;7 313;45 313;9:@ 314<3:

@2 7138:8 716766 71;8:9 715465 714939 815783
31649;@ 41:<7; 318448@ 3167:9@ 716:<5 417837

K2 0313643 319;;7 313458 0314997 4177<7 417388
315457 318687 314867 3154;; 619:34 41;:38

Oln 04<<8149 04<641:7 04<3415: 04<<719; 04<65138 04<3<19:

OUW 45163 5144 4:183 46159 4183 319<
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